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Abstract. Let g be the Lie algebra of a connected, simply connected 
semisimple algebraic group over an algebraically closed field of suffi- 
ciently large positive characteristic. We study the compatibility between 
the Koszul grading on the restricted enveloping algebra (Ug)o of con- 
structed in [Rij . and the structure of Frobenius algebra of (Uq)o. This 
answers a question raised to the author by W. Soergel. 
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Introduction 

0.1. Let G be a connected, simply connected semisimple algebraic group 
over an algebraically closed field k of characteristic p > 0. Let 

(Wfl)o := Ug/(XP-XW, Xgq) 

be the associated restricted enveloping algebra. Generalizing a result from 
[AJSJ, we have proved in |Ri] that, if p is sufficiently large, this algebra can 
be endowed with a Koszul grading, i.e. a grading which makes it a Koszul 
ring in the sense of [BGS]. 

On the other hand, it is well-known and easy to prove (see [Be] ) that 
(U&)o is a Frobenius algebra. More precisely, there is a natural isomorphism 
of algebra Uq — > Uq° p , induced by the assignment I 6 g 4 —X, which 
induces an isomorphism 

$:(Wfl)o ^ (Uq)° p . 

Using this isomorphism, the standard duality for k-vector spaces M i— > 
M* := Homt(M, k) induces an anti-equivalence of the category of finite 
dimensional (left) (£Yg)o-modules, denoted (— ) v . Then the fact that (Uq)q 
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is a Frobenius algebra amounts to the existence of an isomorphism of left 
(Wg)o-modules 

6 : (Wfl)o ^ ((^0)o) V . 

Our aim in this article is to compare these two structures. We show that 
there exists a Koszul grading on (Ug)o such that <I> becomes an isomorphism 
of graded algebras, and such that 9 is an isomorphism of graded {Uq)q- 
modules, up to some shifts to be explained below. 

This problem was suggested to us by Wolfgang Soergel. 

0.2. To state our results precisely, we need to introduce the various blocks 
of the algebra {Uq)q. For simplicity, we assume from now on that p > h, 
where h is the Coxeter number of G. Let also T C B C G be a maximal 
torus and a Borel subgroup, t C b C their Lie algebras, and X := X*(T) 
the character lattice. Let also W be the Weyl group, W!a := W x X the 
extended affine Weyl group, and let p be the opposite of the half sum of the 
roots of b. We consider the following "dot" actions of W on t*, respectively 
of W' &s on X: 

w • A = w(X + p) — p, respectively (wt^) • v = w{y + pp + p) — p. 

The subalgebra (Uq) g C Uq is central, and isomorphic to k[t*/ (W, •)]. Its 
image in {Uq)q is a central subalgebra 3o> whose set of characters is naturally 
parametrized by X/(W^ ff , •). For any A € X (or in X/(W^ ff , •)), we denote 

by (Uq)q the completion of (Ug)o with respect to the annihilator of A in 
3o- It is a finite dimensional algebra, whose category of finitely generated 
modules is equivalent to the category of finitely generated (Wg)o- m odules 
with generalized central character A (for 3o)- Moreover, there is a natural 
isomorphism of algebras 

(Wfl)o = n ml 

A6X/(W^,.) 

Hence, constructing a Koszul grading on (Ug)o is equivalent to constructing 

a Koszul grading on each on the subalgebras {Uq)q. 
For any A G X, $ induces an isomorphism 

and induces an isomorphism of (£Yg)Q-modules 

e x ■. ml ^ (m^y . 

0.3. Our main result is the following. 

Theorem. Assume p 3> 0. 

There exists a Koszul grading on the algebra (Uq)q such that: 

(1) The natural isomorphism : (Ug)o — > ((Ug)o)° p is an isomorphism 
of graded rings. 
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(2) For any A G X ; there exists an explicit N\ G Z and an isomorphism 
of graded left (Uq)q -modules 

0.4. Let us first explain more precisely what is N\. Recall that a weight 
A G X is called regular if (A + p,a v ) £ pTL for any root a. For such a 
weight, we have N\ = 2dim(G/5). In this case, the theorem is proved in 
Propositions l3~2~2l and I3XT1 

For a general /j£X, there exists a standard parabolic subgroup P C G, 
and some u> G W^ ff , such that the stabilizer of w • /i in W^ ff (for the dot 
action) is the Weyl group of the Levi of P (see [BMR21 Lemma 1.5.2]). In this 
case, we have Nu = 2dim(G/P), and the theorem is proved in Propositions 
l2XTl and l4"XTl 

0.5. Now, let us explain the condition on p. It is the same as that of 
[Rij . It depends on the weight. For regular weights, the condition is that 
Lusztig's conjecture on characters of simple G-modules is true. (Recall that 
it is conjectured that this character formula holds as soon as p > h, but it 
is only known that it is true for p bigger than an explicit bound which is 
much larger than h, see [Flj. See also |Ri| §0.5] for further references.) For 
singular weights, we make an extra assumption which is known to be true 
for p bigger than an explicit bound depending on G and the weight under 
consideration. 

0.6. As suggested by the description of N\ in §0.4|, the proof of the theorem 
(whose statement is of algebraic nature) is based on geometry, and more 
precisely on the localization theory in positive characteristic developed by 
Bezrukavnikov, Mirkovic and Rumynin, sec [BMR, BMR21 |BM| . We also 
use linear Koszul duality, a geometric version of the standard Koszul duality 
between symmetric and exterior algebras due to I. Mirkovic, see \Ri\ Section 
2] . (Note that here we use the covariant version of this duality, and not the 
contravariant version of [MR1, MR2J.) 

We first prove, in a general context, that linear Koszul duality commutes 
with homological duality (see Proposition 1 1 . 3 . IT) . Then, as in [HI], we apply 
linear Koszul duality to a particular geometric context to contruct a "Koszul 
duality" between certain categories of Wg-modules. The "key result" of 
[Rl] states that, if p S> 0, this duality sends certain (uniquely determined) 
lifts of simples to certain lifts of indecomposable projectives. It follows 
from the particular case of Proposition 11.3.11 that a geometric version of 
the duality (— ) v commutes with our Koszul duality. We deduce that this 
geometric version of (— ) v sends our lifts of projectives to lifts of projectives 
(see Proposition 13.1.2]) . We deduce the main theorem from this geometric 
statement. 
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0.7. Organization of the paper. In Section[T]we prove our general results 
on linear Koszul duality. In fact we reprove the equivalence of [Ri, Theorem 
2.3.10] under weaker hypotheses, and with shorter proofs. We also construct 
homological dualities for the categories under consideration, and prove that 
linear Koszul duality commutes with homological duality. 

In Section [2] we review the results of |BMR] IBMR2j and [Ri] that will 
be needed. We also explain how one can explicitly construct the Koszul 
grading on (Wfl)o, given our prefered lifts of indecomposable projectives (see 
Theorems l2lL3l and 1233]) . 

In Section [3] we prove the theorem for regular blocks. We first prove a 
geometric statement (see Proposition 13.1.2]) . and show that it implies our 
algebraic statements. 

In Section 2] we prove the theorem for singular blocks. The proof is very 
similar to that for regular blocks. 

Finally, in Section [5] we explain the content of our results in the special 
case G = SL(2). 

0.8. Acknowledgements. We warmly thank W. Soergel for suggesting 
this problem. 

The author is supported by the French National Research Agency (ANR- 
09-JCJC-0102-01). 

0.9. Some notation. For Ik an algebraically closed field of positive charac- 
teristic, and Y a Ik-scheme, we denote by the Frobenius twist of Y (see 
[BMRl §1.1]). 

For Y a scheme, and X C Y a subscheme, we denote by Cohx(Y) the 
category of coherent sheaves on Y which are set-theoretically supported on 
X. 

For any smooth variety X endowed with an action of an algebraic group 

H , we denote by 

B x : V b Coh H (X) A (V b Coh H (X))° p 

the equivalence given by B x := RUom 0x {-,O x )- When X = Y^\ when 
no confusion can arise we sometimes write By instead of Dy(i) . 

We denote by V* the dual of a vector space or more generally a vector 
bundle V, and by V* := / Homci x (V, Ox) the dual of an Ox-module V, or a 
complex of Ox-modules. 

In any category of G m -equivariant objects (in particular for graded mod- 
ules over a graded algebra), we denote by (1) the tensor product with the 
1-dimensional k x -module given by Id^x . We denote by (j) the j'-th power 
of(l). 

1. Linear Koszul duality and homological duality 

I. 1. Covariant linear Koszul duality. In this subsection we reprove the 
results of [Ri, Section 2] in a more general setting (and with shorter proofs). 
The main new ideas are taken from [Po]. A similar generalization of the 
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main result of |MR1| will appear in a forthcoming paper in collaboration 
with I. Mirkovic. 

Let X be a scheme, and let E — > X be a vector bundle over X. Let 
also F C E be a subbundle, and F 1 - C E* be the orthogonal to F. Let 
also £ and J 7 be the (locally free) sheaves of sections of E and F, and let 
F 1 - be the orthogonal to F inside £*. Our goal is to construct a "Koszul 
duality" equivalence between certain categories of coherent (dg-)sheaves on 

the dg-scheme^| F and F^He^X, where X C E* is the zero section. 
Consider the G m -equivariant dg-algebras 

S:=S(F*), K:=S(T*), T := A(F) 

endowed with the trivial differential, where F* is in bidegree (2, —2), respec- 
tively (0, —2), and F is in bidegree (—1,2). For a G m -equivariant dg-algebra 
A, we denote by C(A— Mod qc ) the category of G m -equivariant „4-dg-modules 
which are 0x-quasi-coheren1o, and by C(A— Modi ) the subcategory whose 
objects are bounded above for the internal degree (uniformly in the coho- 
mological degree). 

Consider the functors 

/ C(5-Mod qc ) -> C(T-Modl c ) 

and 

/ C(T-Modi c ) -> C(«S-Modi c ) 
\ TV ^ 5 (g)£> x A/" 

Here, the actions and differentials on the dg-modules T* ®o x M and S®o x 
M are defined as in [RU §2.1]. 

Lemma 1.1.1. The functors ^ and^ are exact (i.e. they send acyclic dg- 
modules to acyclic dg-modules, or equivalently quasi-isomorphisms to quasi- 
isomorphisms). 

Proof. This proof is taken from \Po\ Theorem A. 1.2]. We give the proof for 
Sf; the case of & is similar and simpler. 

Let M be an acyclic object of C[S— Mod qc ). Up to some shift, we can 
assume M% = for i > 0. Then we have 

n — i-\-j 

Remark that this sum is finite. Hence the homogeneous components of 
(A/ - ) are obtained from the homogeneous components of M by tensoring 
with the homogeneous components of S (which are flat) and taking shifts 

^See [Ril §1.8] for generalities on dg-schemes, and in particular on derived intersections. 
Here for simplicity we restrict from the beginning to quasi-coherent dg-modules. How- 
ever, this assumption is used only in the proof of Proposition 1 1 . 1 . 5l Equivalently, one can 
put the quasi-coherency assumption on the cohomology of the dg-modules instead, as in 
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and cones a finite number of times. Hence they are acyclic, which proves 
the result. □ 

We denote by 

~W : P(«S-Modi c ) -> P(T-ModI c ), # : P(T-Mod^ c ) -»• X>(«S-Modi c ) 
the functors induced between the corresponding derived categories. 

Proposition 1.1.2. T/ie functors & and & are quasi-inverse equivalences 
of categories. 

Proof. This proof is again taken from \Po\ Theorem A. 1.2]. Recall the "gen- 
eralized Koszul complex" of [MRU §2.5]. (Here, we are in the simpler 
situation where the vector bundle "V" of [MR~T] is zero.) 

The functors & and are clearly adjoint; hence so are & and 5f (see [Ke, 
Lemma 13.6]). We show that the adjunction morphism o & — >• Id is an 
isomorphism; the proof for the morphism Id — > ,^o^ is similar. Let A4 be an 
object of C(S— Mod^ ). Then the homogeneous internal degree components 
of the cone of the morphism ^ a J^"(A4) — > A4 can be obtained from the 
negative homogeneous internal degree components of K^> by tensoring with 
the homogeneous internal degree components of A4 and taking shifts and 
cones a finite number of times. These negative homogeneous internal degree 
components of K,^ are acyclic by [MRU Lemma 2.5.1]. Hence it suffices 
to prove that the tensor product of an acyclic, bounded complex of flat 
Ox- m odules with any complex of 0x- m odules is acyclic. This fact is well- 
known, see e.g. |Sp[ Proposition 5.7]. □ 

Finally we prove that these equivalences restrict to finitely generated ob- 
jects. From now on, we assume that X is noetherian. For a G m -equivariant 
dg-algebra A, we denote by V i& (A— Mod^ c ) the subcategory of V{A— Mod 1 ^) 
whose objects have locally finitely generated cohomology (over H{A)). We 
let also CFQ qc {A) be the category of Ox-quasi-coherent, locally finitely gen- 
erated G m -equivariant .A-dg- modules. We denote by T>J r Q <lc (A) the corre- 
sponding derived category. The following lemma can be proved as in [MR1 , 
Lemma 3.6.1]. 

Lemma 1.1.3. For A = 1Z, S or T, the natural inclusion CJ-Q qc {A) ^4 
C(A— Mod^°) induces an equivalence of categories 

VTQ^iA) = r> fg (.4-Modf). 

Recall the regrading functor 

£ : C(S-Mod qc ) -4 C(^-Mod qc ) 

of [MR1, §3.5]. It is defined by the condition 

£(M)) : M) '. 

and it induces equivalences of triangulated categories 

(1.1.4) VFg^ c {S)^VTg qc {TZ), £> fg (<S-Modi c ) X> fg (ft-Modi c ) 
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(because it respects the condition of being bounded above for the internal 
grading). 

Proposition 1.1.5. The equivalences ^ and & restrict to equivalences 
£> f s(<S-Modi c ) = P fg (T-Mod qc ). 

Proof. Any object of the category C(T— Modi°) has a finite filtration (as a T- 
dg-module) such that T acts trivially on the associated graded. Hence, using 
Lemma 11,1.3} the category T> ig (T— Mod* 50 ) is generated, as a triangulated 
category, by objects of T> b Coh Gm (X) (endowed with a trivial T-action), 
where G m acts trivially on X. 

On the other hand, we claim that D fg (tS— Modi°) is generated, as a trian- 
gulated category, by objects of the form S ®o x F-> f° r -F m ^ b Coh Gm (X). 
Indeed, using the regrading functor, it is enough to prove the same result 
for 7£-dg- modules. Then this follows from the following general result (see 
[CGI P- 266, last paragraph]), using the fact that T>J r Q{lZ) is equivalent to 
the bounded derived category of G m -equivariant coherent sheaves on F. 

Proposition 1.1.6. Let H be an algebraic group, and let ir : V —¥ Y be an 

H-equivariant vector bundle. Then the category T> b Coh H (V) is generated, 
as a triangulated category, by objects of the form tt*F for T in Coh H (Y). 

We have determined a set of generators Gi, respectively G2, for the tri- 
angulated category D fg (T— Modi ), respectively V f& (S— Modi ). By defi- 
nition, & and 5f induce equivalences bewteen the subcategories whose ob- 
jects are in Gi and Gi- Hence they induce an equivalence V is (T— Modi c ) = 
£> fg (S-Modi c ). □ 

Let us now introduce the following notation: 

BGCoW(F L n E *X) := P fg (T-Modi c ). 

Comparing Lemma 11.1.31 and \Ri\ Proposition 3.3.4], we see that this cat- 
egory is equivalent to that denoted similarly in [Ri, (2.3.8)]. There is a 
natural forgetful functor 

(1.1.7) For : DGCoh gr (F- L n £ ;.X) -> DGCoh^fWx). 
We define also 

DGCoh gr (F) := P fg (5-Modi c ). 

Consider the action of G m on F where t € G m acts by multiplication by t 2 in 
the fibers. By the second equivalence in (|1.1.4p . the category DGCoh gr (F) 
is equivalent to T> b Coh Gm (F). In particular, there is a natural forgetful 
functor 

(1.1.8) For : DGCoh gr (F) V b Coh(F). 

Let us prove that the category DGCoh gr (F) is equivalent to the cate- 
gory denoted similarly in [Ri, (2.3.6)]. Consider the category D^t' qc,fg (X, S) 
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of [Eg. By (EH (2.3.5)], there is a natural functor (f> : P+^ c ' fg (X, S) 
V ig (S— Mod* 50 ). Moreover, the following diagram commutes: 

P f s(5-Mod qc ) DGCoh« r (Jf- L ^.X), 

where if) denotes the equivalence of \Ri\ (2.3.1)]. As both & and tp are 
equivalences, so is 0. 

Hence we have obtained the following more general version of [Ril Theo- 
rem 2.3.10]. Note also that the new definition of the category DGCoh gr (F) 
would allow to simplify (and generalize) the constructions of [Ri, §§2.4, 2.5 
and 4.2]. 

Theorem 1.1.9. There exists an equivalence of triangulated categories 

k : DGCoh gr (F) ^> DGCoh gr (F ± n E *X), 
called linear Koszul duality. 

Remark 1.1.10. The functor k commutes with internal shifts. However, we 
have rather £(A4(m)) = £(M)(m)[—m] for m € Z. Hence the functor For 
of (fTXBj) satisfies For(A4(m)) = ¥or{M)[-m\. 

1.2. Homological duality. For simplicity, from now on we assume that X 
is a smooth variety over an algebraically closed field k. We have seen in §1.11 
that the category DGCoh gr (i ? ) is canonically equivalent to T> b Coh Gm (F). 
Now it is well-known that the functor 

V b Coh G ™(F) -► V b Coh Gm (F) 
M !->■ RHom OF (M,0 F ) 

is an equivalence of categories, such that DpoDp = Id. We denote by 

D 5 : DGCoh gr (F) ^> DGCoh gr (F) 

the induced equivalence. 

Now we define a duality functor 

D r : DGCoh gr (F ± n E *X) ^ DGCoh^i^fWx). 
Consider the functor 

CFg qc {T) -> CFQ^ c {T) op 
M ^ Uom T (M,T) ' 

Here, the left T-action is induced by the left multiplication of T on itself. 



»F 



D T : 



Lemma 1.2.1. The functor Dj- admits a left derived functor 
B T : BGCoh^(F ± r\ E *X) -> DGCohs r (F ± n E *X) 
which is an equivalence of categories such that Dj- o Dj- = Id. 
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Before giving the proof of this lemma, we give an alternative definition of 
the functor D7-. Let n = rk(J r ), and C := A n (J r ) (considered as a line bundle 
on X, in internal degree 0). For any i = 0, • • • ,n, consider the morphism 

(ac®a) h-> (y i-> (-l) n ^l(x A y) ® a) 

This collection of morphisms induces an isomorphism of G m -equivariant T- 
dg-modules 

(1.2.2) T®o x C®- 1 ^ Coind r (0 x )[n](2n) 

(see [Ril §1.2] for the definition of the coinduction functor). Using this 
isomorphism and [Ri, §1.2], we obtain isomorphisms of T-dg- modules, for 
any M in CFQ&{T): 

(1.2.3) D r (M) ^ Hom T (M, Coind r (O x )) ® 0x C[n](2n) 

^om 0x (X,O x ) ®o x £[n](2n). 

Here, the T-module structure on 7iomo x (M.,Ox) is given by (t ■ 4>){jn) = 
(-l)IWI(t-m). 

The following lemma can be proved exactly as in [MRll Proposit ion 3.1.11. 

Lemma 1.2.4. For every A4 in CJ-G sr (T), there exists an object V of 
CJ-Q gl '(T) such that for every i and j the Ox -module Vj is locally free of 

finite rank, and a (surjective) quasi-isomorphism V — > A4. 

Finally we can prove Lemma ll.2.1i 

Proof of Lemma [L27TJ Using isomorphism (jl.2.3p . it is clear that any object 
V as in Lemma 11.2.41 is split on the left for the functor D7-. This lemma 
asserts that there are enough such objects in CJ-Q & (T), which implies the 
existence of the derived functor. 

It is also follows from (jl.2.3j) that D7- o Df(V) = V naturally for any 
object V as in Lemma UH Hence D r oD r ^ Id. □ 

1.3. Compatibility. In this subsection we prove that the Koszul duality k 
is compatible with the duality equivalences O7- and D5. More precisely, we 
prove the following. Recall the notation n, C introduced in §1.21 



Proposition 1.3.1. Consider the following diagram of equivalences 
DGCoh gr (F) — DGCoh^^n^X) 



DGCoh gr (F) — DGCoh gr (F- L ri£;.X). 
For any A4 in DGCoh gr (i ? ) there is a functorial isomorphism 
B T o K (M) = koB s {M) ®o x C(2n)[n}. 
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Proof. In fact we will rather work with the equivalence Let V be an 

object of DGCoh gr (.F^n£*X) which satisfies the assumptions of Lemma 
ELZ31 Then we have, using (fLIO]) . 

^oD^P) 9* S® 0x 'Homo x (V,Ox)®o x £[n](2n). 

The differential on the right hand side is a Koszul differential. On the other 
hand, we have 

Dso^^^Ds^ ® 0x V)=S® 0x Hom 0x {V,Ox). 

Again, the differential on the right hand side is a Koszul differential. The 
result follows. □ 

1.4. Duality on F^(1e*X and F^. To finish this section, we study the 
relation between our equivalence B7- and the standard duality on F . 
Let us consider the functor B F ± : D b Coh Gm (F- L ) ^ P b Coh Gm (F- L ). Let 

also p : F^De'X — > F 1 - be the natural morphism of dg-schemes, and let 
Rp, : BGCoh^(F ± n E *X) -> P 6 Coh Gm (F ± ) 

be the associated direct image functor (see [RjJ §1.8]). To make this func- 
tor more explicit, it is better to use a different realization of the category 

DGCoh^F^n^.X). Namely, using the Koszul resolution 

S(£)®o x H£) ^ o x , 
one can realize the dg-sheaf of functions on F-^r\ F *X as the dg- algebra 

Q:=Ao F± (p* F± £), 

where p F ± : F 1 - — >• X is the projection. (Here the differential is not triv- 
ial.) Then the category DGCoh gr (i ? - L ri£*X) is naturally equivalent to the 
subcategory of the derived category of G m -equivariant quasi-coherent Q- 
dg-modules whose cohomology is locally finitely generated. We denote the 
latter category by P fg (Q— Mod qc ). One can easily check that there is well- 
defined equivalence 

Dq : P fg (Q-Mod qc ) -> P fg (Q-Mod qc ) 

which is obtained as the derived functor of the functor A4 1— > 'Hom,Q(A4, Q), 
and which corresponds to B7- under the equivalence mentioned above. 

Under the equivalence DGCoh^F^rWx) ^ £> fg (Q-Mod qc ), the func- 
tor Ftp* is simply the restriction functor from Q-dg-modules to complexes 
of O f ± -modules. 

Let m be the rank of £, and let K, := A m (£), considered as a line bundle 
on X in internal degree 0. 

Lemma 1.4.1. For any M in BGCoh^ (F^e'X), there is a functorial 
isomorphism 

Rp* o B r (M) (D F ± o Rp*{M)) ®o Fl _ p* F x1C[m)(2m). 
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Proof. Using the remarks above, one can work with Q-dg-modules instead 
of T-dg-modules. For M. split on the left for Dg, we have 

Rp*~B Q (M) = Uom Q (M,Q). 

Now, one easily checks (as for isomorphism (jl.2.21) ) that there is an isomor- 
phism of Q-dg-modules 

Q = Comd Q (0 F x)®o F± P* F xfc{rn](2rn). 

Hence we obtain 

RpJ$ Q (M) Homo F± {M,0 F x) ®o F± P F ±IC[rn](2m), 
which gives the result. □ 

Remark 1.4.2. It is natural to consider that the "dimension" of the dg- 

scheme F- L Pi F *X is dim(F J -) + dim(X) — dim(E*). Hence the "difference of 

dimensions" between F 1 - and F^C\e*X is m = rk(.E), which makes Lemma 
11.4.11 consistent with the general fact that proper direct image commutes 
with Grothendieck-Serre duality. 

1.5. Equivariant analogues. Let us note that if an algebraic group acts 
on the scheme X, and acts linearly on the vector bundle E preserving F, 
then there are obvious equivariant analogues of all the constructions and 
results of this section. As we will not use these equivariant versions, we do 
not state them. 

2. Reminder on localization in positive characteristic 

2.1. Notation. Let k be an algebraically closed field of characteristic p > 0. 
Let R be a root system, and G the corresponding connected, semi-simple, 
simply-connected algebraic group over k. In the whole paper we assume 
that 

p> h, 

where h is the Coxeter number of G. Let B be a Borel subgroup of G, 
T C B a maximal torus, U the unipotent radical of B. Let q, b, t, n, be 
their respective Lie algebras. Let R + C R be the positive roots, chosen as 
the roots in g/b. Let B := G/B be the flag variety of G, and Af := T*B its 
cotangent bundle. We have the geometric description 

Kf = {(X,gB) € * xB\X\ g . b = Q}. 

We also introduce the "extended cotangent bundle" 

Q:={(X,gB)eg*xB\X lg . n = 0}. 

Let h, denote the "abstract" Cartan subalgebra of q, isomorphic to bo/[bo> bo] 
for any Borel subalgebra bo of g. 

We denote by Y := ZR the root latice of R, and by X := X*(T) the 
weight lattice. Let W be the Weyl group of (G, T), W a s := W tx Y the affine 
Weyl group, and W^ s := W x X the extended affine Weyl group. Let p € X 
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be the half sum of the positive roots. The "dot- action" of W on t* is defined 
by 

w • A = w(X + p) — p 

(where we identify p and its differential). Similarly, there is a dot-action of 
W on t obtained by duality. There is also a dot-action of W^ s on X, defined 
by 

(wt\) • p, = w(p + pX + p) - p. 

We set 

C := {A G X | Va G R + , < (A + p, a v ) < p}, 

the set of integral weights in the fundamental alcove. We will also consider 
its "closure" 

Co := {A G X [ Va € R + , < (A + p, a v ) < p}. 

If P C G is a parabolic subgroup containing B, p its Lie algebra, p u 
the nilpotent radical of p, and V = G/P the corresponding flag variety, we 
consider the following analogue of the variety g: 

Q V :={(X,gP)eg*xV\X lg . p u = 0}. 

In particular, = 0. The quotient morphism ir-p : B — > V induces a 
morphism 

(2.1.1) 7rp :g ->g-p. 

We also denote by Wp C W the Weyl group of the Levi of P. 

For any dominant weight A, we denote by L(X) the simple G-module with 
highest weight A. 

Finally, we set N := dim(G/S), N v := dim(G/P), d = dim(fl). 

2.2. Localization. In this subsection we review the localization theory in 
positive characteristic developped in |BMRj |BMR2| IBM| . 

Let 3 be the center of Ug, the enveloping algebra of g. The subalgebra of 
G-invariants, 3hc := (P^5) G is central in XAg. This is the "Harish-Chandra 
part" of the center, which is isomorphic to S(t)^ W '*\ the algebra of W- 
invariants in the symmetric algebra of t, for the dot-action. The center 3 
also has an other part, the "Frobenius part" 3fi-> which is generated, as an 
algebra, by the elements X p — for leg, It is isomorphic to S(g^), 
the functions on the Frobenius twist of g*. Under our assumption p > h, 
there is an isomorphism 

3hc ®3 Fr n3 H c 3ft ^ 3- 
Hence, a character of 3 is given by a compatible pair 

(u,x) € t* x g*W. In 

this paper we will only consider the case when x = 0, and v G t* is integral, 
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i.e. in the image of the natural map X — > t*. If A G X, we still denote by A 
its image in t*. We denote the corresponding specializations by 

(Ug) x := (W )® 3HC k A , 
(Uq) := {Us) ®3 Fr k o- 

Let Mod fg (Uq) be the abelian category of finitely generated Wg-modules. 
If A G X, we denote by Mod| g ^ (Ug) the category of finitely generated 
Wg-modules on which 3 acts with generalized character (A, 0). We define 
similarly the categories Mod[f((Wg) A ), Mod^((Wfl) ). Hence we have inclu- 
sions 

ModJ((W fl ) A ) c ^ 

Mod[ g o) (^ )C Mod fg (Wg). 

Mod^ g ((Wg) ) 

Note the category Mod^((Ug)o) is equivalent to the category of finitely 

generated modules over (Uq)q, the completion of (Uq)o with the respect to 
the image of the ideal of 3hc defined by A (see e.g. [EH §4.4]). 

Recall that a weight A G X is called regular if, for any root a, (A+p, a v ) ^ 
pZ, i.e. if A is not on any reflection hyperplane of (for the dot-action). 
If fi G X, we denote by Stab(w/ aff ,.)(^) the stabilizer of \i for the dot-action of 
Wafj on X. Under our hypothesis p > h, we have (pX) n Y = pY. It follows 
that Stab(jy aff is a ls° the stabilizer of \x for the action of W &s on X. 

The localization theory in positive characteristic (due to Bezrukavnikov, 
Mirkovic and Rumynin) provides a geometric description of the categories of 
Wg-modules considered above. More precisely we have (see [BMRl Theorem 
5.3.1] for (i), and [BMR21 Theorem 1.5.1.C, Lemma 1.5.2.b] for (ii)): 

Theorem 2.2.1. (i) Let A G X be regular. There exist equivalences of 
triangulated categories 

(2.2.2) P 6 Coh B(1) (gW) * P b Mod; g 0) (W S ), 

(2.2.3) P 6 Coh BC i)(.A/"«) 9* P 6 Modjf((ZYfl) A ). 

(ii) More generally, let fi G X, and let P be a parabolic subgroup of G 
containing B such that Stab(jy aff) ,)(//) = Wp. Let V = G/P be the cor- 
responding flag variety. Then there exists an equivalence of triangulated 
categories 

(2.2 A) P 6 Coh p(1) (5^) P fe ModJ g o) (W ). 

As in |BMR] . let us consider V := (q*T) G ^ u ) T , where q : G/N — > B is the 
projection, and T acts on G/U via right multiplication. This algebra is an 
Azumaya algebra over g^ 1 ) Ku*W f)*. (Here, the morphism f)* — > t)*^ is the 
Artin-Schreier map, see |BMR| .) This Azumaya algebra splits on the formal 
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neighborhood of B^ x {A}, for any A G X. Moreover, there are natural 
choices of splitting bundles. For any regular A G X, we denote by A4 X the 
splitting bundle constructed as in [BMR21 §1.3.5], and by 

7? :© 6 Coh B(1) (S«) ^ V b Mod[l 0) (U 9 ) 

4-.V b Coh m (tfW) ^ P fe Mod|f((^g) A ), 

the associated equivalences (|2.2,2|) and (|2.2.3|) . Note that these equivalences 
depend on A, and not only on its image in X/(W^ ff , •). Note also that the 
projection g^ 1 ) Xf.*(i) fj* — > g^ induces an isomorphism^ between the formal 
neighborhood of B^ x {A} and that of B^\ hence one can consider A4 X as 
a vector bundle on the formal neighborhood of the zero section in g^ . 
Similarly, for jx, V as in Theorem 12.2.11 we denote by Mj, the splitting 

bundle on the formal neighborhood of x {fi} in g^ Xf,*(i) /w v &*/ (Wvi •) 

(or equivalently on the formal neighborhood of the zero section in J$p ) 
constructed as in [BMR2, §1.3.5], and by 

^ :V b Coh vW (e?) ^ P 6 Modg o) (W ) 

the associated equivalence (|2.2.4|) . 

Finally, the following theorem is proved in |Ril Theorem 3.4.1, Proposition 

3.4.13, Theorem 3.4.14]. As in gH we denote by p : (g n fl * xB -> (1) 

and p-p : (g-p n fl * x p T 7 )^ — > 5^ the natural morphisms of dg-schemes. 

Theorem 2.2.5. (i) Let A G X be regular. There exists an equivalence of 
triangulated categories 

7? : DGCoh((Sn * xB £)«) ^> P 6 ModJ((Wg) ) 

suc/i that the following diagram commutes, where the functor Incl is induced 
by the inclusion Mod^ g ((Wg)o) ^ Mod,^ q n (Ug) : 

DGCoh((gn rxB S)( 1 )) 5 -P b Modl s ((^g) ) 

Hp* Incl 

^CohgcuCflW) 1 V b Mod\l Q) (U 9 ). 



(ii) Lei fi,V be as in Theorem I2.2.1l fii). There exists an equivalence of 
triangulated categories 

% :DGCoh((gpfi rxP P)W) ^> P 6 Modfe((Wg) ) 



^In fact, this property is already used to deduce equivalence (I2.2.2[) from [BMRI The- 
orem 5.3.1]. 
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such that the following diagram commutes, where Incl is induced by the in- 
clusion Moctff((Wg) ) ^ Mod[ g n) (Ug): 



DGCoh((fl P n B , xP P)W) £ V b Mod { z((Ug)o) 

R(pv)* 



V 

% 



Incl 



^Coh p(1) (g«) £ -D^Mbd* 0) (W fl ). 

Remark 2.2.6. Equivalently, the condition of Theorem I2.2,lf ii) says that /i 
is on the reflection hyperplane corresponding to any simple root of Wp, but 
not on any reflection hyperplane of a reflection (simple or not) in W a g — Wp. 
With this description, it is clear that if ^ satisfies this condition, then —\i-2p 
also satisfies it (for the same parabolic subgroup). 

2.3. Geometric description of duality. There exists a natural isomor- 
phism of algebras Ug — > Ug op , induced by the assignment X £ g h- > — X. 
Hence the duality M i— > M* induces a duality operation M i— >• M v on 
the category of finite dimensional (left) Wg-modules. This duality induces 
a duality between the categories Modf XQ) (Ug) and Modf^ x _ 2pfi) {Ug% be- 
tween Modo g ((^0) A ) and Mod^({Ug)- x - 2p ), and between Mod? ((Wfl) ) and 
Mod f 5 A _ 2p ((Wg)o)- We denote all these dualities similarly. 

We denote by $ : (Ug)o — > [(Ug)o)° P the induced isomorphism. For any 
A £ X, it induces an isomorphism 

(2-3.1) * A : {U g)l ^ {{Ug)^")^. 

In [BMR21 Section 3], the authors give a geometric description of these 
dualities. More precisely, they prove part (i) of the following proposition (see 
[BMR2, Proposition 3.0.9]). Part (ii) can be proved similarly (see Remark 
I2.2.6p . Let a : g^ —> g^ be the automorphism given by multiplication by 
—1 in the fibers of the vector bundle. We use the same notation for the 
similarly defined automorphism of §1, . 

Proposition 2.3.2. (i) Let A £ X be regular. Then the following diagram 
commutes. 

Z^CohtfuGM) ^V b Coh BW (gW) 



7? 



7: 



A-2p 



V b Mod[l 0) (Ug) V b Modf_ x _ 2pfi) (Ug). 



It is more usual to replace —X — 2p by — wo\. However we have — wq\ = wo*(— A — 2p), 
hence these weights induce the same character of the Harish-Chandra center. 
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(ii) More generally, let fj,, P be as in Theorem \2.2.\{ \\) . Then the following 
diagram commutes. 



(1)n 



-p-2p 



V b Mod 



(-M-2p,0) 



{Us). 



The same proof works also for the other categories of Z^g-modules. We ob- 
tain the following results, where again a : J\f^ — > J\f^\ a : (fln g * X B B)^ — > 

(gn g «xBB) (1) and a : (g> n g » x -p V)^ -> (flpn 8 «xpP) (1) denote multiplica- 
tion by —1 in the fibers. 

Proposition 2.3.3. Let A € X be regular. The following diagram commutes. 

a*n^[2N] 



V b Coh BW (M^) 



(-)" 



P fe Coh B(1) (AA( 1 )) 

3 

-A-2p 

P 6 Modo g ((Wg)- A - 2p ). 



P b Mod[f((^g) A ) ■ 

Recall the construction of the functor B7- in §1.21 Similar arguments allow 
to construct duality functors 



D!j-:DGCoh((5fi . X BB) (1) ) 
f TjP :DGCoh((0 P n rx pP)«: 



DGCoh((gn g * xS £) 



(ih 



DGCoh((g P n rxP P) 



We have: 



Proposition 2.3.4. (i) Let A € X 6e regular. The following diagram com- 
mutes. 



DGCoh((0n rxe fi)( 1 ); 
P b Mod f A g ((W ) c 



4 



DGCoh((0fy xB £)«) 



'-A-2p 



■ £> 6 Mod 



-A-2p 



((Wo)c 



(ii) More generally, let /x, P 6e as in Theorem I2.2.1l fii) . The following 
diagram commutes. 



DGCoh((g P n rxP P) 



P 6 Mod|f((W0)o) 



DGCoh((g P n rxP P) 



P 6 Mod f 4_2 P ((^s)o)- 
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2.4. Localization and Koszul duality: regular case. Let us apply the 
constructions of gH]to the case X = E = (g*xB)W, F = 7V" (1) . Under 
our assumptions on p, there exists an isomorphism of G- modules — 0*. 
We fix such an isomorphism, and use it to identify the vector bundles E and 
E*. Under this identification, the orthogonal of J\f is 0. Hence Theorem 
11.1.91 yields an equivalence 



k b : DGCoh gr (A/' (1) ) ^ DGCoh gr ((0n g * xB S) 



Now, fix a regular weight A G X. Using Theorem I2.2.1l fi) and Theorem 
I2,2.5f i). we have the following situation: 

DGCoh gr (A/-( 1 ))^--DGCoh gr ((0n rxB S)( 1 )) 



For 



Kb 

1 (1X5) gXJl 



For 



P b Coh B(1) (AA( 1 )) c ^V b Coh(M^) DGCoh((5n g * x eS) (1) ) 



P b Mod' g ((W0) A ) P b Mod^ g ((W0)o). 

Let y G Wag be the unique element such that y^ 1 • A G Co- Let also 

T-U := {w G W^fi I w • Co contains a restricted dominant weight}. 

It is well-known (see |Ri( §4.4] and references therein) that the simple objects 
in the categories Mod o g ((^0) A ) and Mod f A g ((^0) o ) are parametrized by W°: 
they are the ^0-modules induced by the G-modules L(wy~ l • A). For any 
w G W°, we set 

21 := (ef r'Liwy^ 1 . A) G V b Coh BW (A^). 

(This object only depends on y, and not on A.) Similarly, for w G W°, we 
denote by P(wy^ 1 • A) the projective cover of L(wy^ 1 • A) in Mod^((W0)o), 
and we set 

VI ■= (^y'Piwy-'.X) GDGCoh((5n r xsS) (1) ). 

(Again, this object only depends on y, and not on A.) For simplicity, here 
and below, when y = 1 we omit it from the notation. 

The "key-result" of [RiJ is the following (see |Ri( Theorems 4.4.3 and 
8.5.2]). Let ro = t p ■ wq G W^ s , and consider the natural functor 

C : Z^Cohj^C^ 1 )) £> 6 Coh Gm (AfW) ^ DGCoh^AfW). 

Theorem 2.4.1. Assume p > h is such that Lusztig's conjecture is true. 

There is a unique choice of lifts ^' gr G DGCoh gr ((0 n r xB #) (1) ) of^l, 
respectively £ y v ' gT G V b Coh^™(Af^) of £% (v G W°), such that for all w G 
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w°, 

= aZ y w gT )®0 B{1) BW {-p) znDGCoh^^ 1 )). 

In [Rij Theorem 9.5.1], we have deduced from Theorem l2.4.1l the Koszulity 
of regular blocks of {Uq)q. Here we give a more "concrete" construction of 
this grading. As above, fix a regular weight A € X, and let y G W a g be such 
that y^ 1 • A € Co- We have an isomorphism of left (Wg)Q-modules 

(2.4.2) (U Q )1 - PK" 1 .^, 

wew° 

where n^, = dim(L(wy~ 1 • A)). We fix such an isomorphism. (It can be 
easily checked that nothing below really depends on this choice.) 

The right multiplication of {Uq)q on itself induces an isomorphism 

We obtain algebra isomorphisms 

(U Q )l ^ End ( ^(0 Piwy^.Xf^r 

w&W 



i!^ End R m ( ffi (^) e "-)° P 

Now the right hand side has a natural grading (as an algebra), given by 



ffi Horn R (WT"™, ^ (^ gr ) ffin ™ i-m)) 



(i.e. we consider the grading given by the natural structure of G m -equivariant 



algebra on a point). Hence we obtain a grading on the algebra (Ug)^ 



Theorem 2.4.3. Assume p > h is such that Lusztig's conjecture is true. 

(i) This grading only depends on the image of (the differential of) A in 
IT ill'..). * 

(ii) This grading makes (Uq)q a Koszul ring. 

Proof, (i) This follows easily from the construction of the objects tyw^ in 
terms of the objects tyw, see [Rij §8.5]. 

(ii) Thanks to (i), we can assume y = 1, i.e. A E Cq. Using the isomor- 
phisms of [Ri, §9.3], for any v,w and m we have 

HOm DGCo h -((^ e , xB fl)(i)) CP- = Ext ^ 8 )° ^ W • A )' L ^V • A))- 
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Hence this grading is non-negative, and its O-part is isomorphic to 

II Mat n x(k), 

hence is semisimple. Then, by |BGS1 Proposition 2.1.3], it is enough to prove 
that for any simple graded modules L\ and L2 concentrated in (internal) 
degree 0, 

(2-4.4) ^ od , m f^ L ^=° unless i = j- 

However, (Uq)q is clearly Morita equivalent, as a graded ring, to the graded 
ring 

End a , , ( ff) ^ w )° p 

DGCoh((g^ xB £)U))^ ^7 * W > 

[(B Ext^ fl)0 ( © L(w.X), L(^.A)))° P . 

mez wew° wew° 

(Here the grading on the left hand side is defined as above.) The latter 
graded ring is Koszul by \Ri\ Theorem 9.5.1 and its proof]. Hence it satisfies 

condition (|2.4.4j) . It follows that the same is true for (Uq)q. (Note that the 
Morita equivalence under consideration preserves modules concentrated in 
internal degree 0.) □ 

2.5. Localization and Koszul duality: singular case. Let fj,, P be as in 

Theorem 12 . 2 , 1 f ii) . Let also A € X be a regular weight such that (A, a v ) = 
for any root a of the Levi of P, and such that fi is in the closure of the alcove 
of A. Let y 6 Wgg be such that y" 1 • A G Cq. Then /j,q := V • M G Cq. 

As in (BMR21 §1.10] and [EH §10.1], we denote by 2)£ the sheaf of A- 
twisted differential operators on V, and we define CZp := T(V, S^). The 
action of G on G/P induces an algebra morphism 

(see [BMR2, §1.10.7]). We consider the following two conditions: 

(2.5.1) i?T(Dp) = for % > 0, 

(2.5.2) <$p is surjective. 

It is known that both of these conditions are satisfied for p ^> (see 
Footnotes 21 and 22] for details). 

The morphism n-p : Q —> Q-p induces a morphism of dg-schemes 

%> : (0n g *xB£) (1) (5pn rxP P)W. 

Consider the associated inverse image functors 

L(n P )* :DGCoh((0 P n rx p^)«) -> DGCoh((0 fi„.xB 
^(^,G m )*:DGCohS r ((0 P n g . >< p^)( 1 )) -> DGCoh^((0n rxe S)«) 
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see (Rll §§1.7 and 5.4]. 
Recall the equivalence 

7j:DGCoh((0 P n rxP P)W) ^ V b Mod^((UQ) ) 

of Theorem I2.2.5f ii) . Let W° C W° by the subset of elements w such that 
w • no is in the upper closure of w • Co. The simple objects in the category 
MocLf ((Z/g)o) are the images of the simple G-modules L(wno) for w G W°. 
We denote by P(w • hq) the projective cover oi L{w • no)- F° r u> £ we 
set 

%,» ■= (^r l P(w.f,o) e DGCoh((0 P n rx pP)«). 

Assume that p > h is such that Lusztig's conjecture is true. Then we can 
consider the objects *}3^' gr for to G WP- It is proved in [RH (10.2.8)] that for 

w G Wjl there is a unique lift G DGCoh gr ((g^ iVx7>P) (1) ) of 

such that 

(2.5.3) ^(iV-JVp) - L(%>,gJ*^. 

It is proved also in [Rij , Theorem 10.2.4] that, if moreover p is such that 
(|2. 5.1)1 and (|2.5.2jl are satisfied, these lifts have properties similar to those 
of Theorem 12.4.11 In this paper we will rather use the following characteri- 
zation. 

Lemma 2.5.4. Assume that p is such that Lusztig's conjecture is true. 

For w G W°, *P£J is the only object o/DGCoh gr ((gV n rxP P)W) (up to 
isomorphism) such that (|2.5.3p is satisfied. 

Proof. We have already explained that satisfies this condition. Now 

it is enough to prove that any object of DGCoh((g-p n g * x -p V)^ ) such 
that «p& ^ L{tt v )*^ is isomorphic to qj* Consider P := 7?£(*P). Then 
by assumption and [Ril Equations (10.2.6) and (10.2.7)] we have T^(P) = 
P(w • Ao) (where is the translation functor, see [RU §4.3]). Hence P is 
projective, i.e. a direct sum of the P(v • /Uo)'s (v G W®). As [Ri, Equation 
(10.2.7)] is satisfied by every such v, we conclude that P = P(w • hq). This 
finishes the proof. □ 

As in £ j2,4) the choice of these lifts provides a grading on the algebra 
(Uq)q. And the same proof as that of Theorem 12.4.31 gives the following. 

Theorem 2.5.5. Assume p > h is such that Lusztig's conjecture is true, 
and conditions (|2.5.ip and (|2.5.2p are satisfied. 
This grading makes (Uq)q a Koszul ring. 
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3. KOSZUL DUALITY AND ORDINARY DUALITY: REGULAR CASE 

3.1. Geometry. Let us define the various geometric duality functors we 
are going to use. Recall the definition of a in §2.31 We define 



Df- r := a*B T (-3N) : DGCohS r ((fln r xB £) {1) ) ^ BGCoW((gn s , xB B)^) 



r> gr 

M 



a*B s [N](-N) : DGCoh^W) ^ DGCoh gr (A/'^ 1 - ) ), 

a*B mi) [2N](-N) : V b Coh G ™(N (1) ) ^ V b Coh Gm (M (1) ), 

. <j*B~ w [d](2d - 3N) : D 6 Coh Gm (£jW) ^ V b Coh Gm $ 1] ). 

Here, the dualities B7- and B5 are defined as in N1.21 for our choice X = 

E = (0* xB)W, F = AA 1 ). With these definitions, in the following diagram 

the vertical lines commute: 



r> gr 



^DGCoh^((0n r 



DGCoh§ r (AA( 1 ))^--DGCohS r ((0n rxB S)( 1 ): 



Rp* 

V b Coh Gra (AfW) V b Coh Gm ^). 

DSL DS 1 ' 

Af a 

(Use Lemma ll. 2. II and Remark 11.1.101 ) Moreover, by Proposition 11.3. H we 
have an isomorphism 

(3.1.1) Bfo KB * ( K oD| r )^ g(1) O bW (-2 P ). 

Our main geometric result is the following. Fix a regular A £ X, and let 
y, z & be such that X G y • Co, —A — 2p £ z • Co- We denote by 

t A : TU° ^> 

the bijection such that —wo(wy^ 1 • A) = L\(w)z • (—A — 2p). 

Proposition 3.1.2. Assume p > h is such that Lusztig's conjecture is true. 
For any w £ W°, there are isomorphisms 

Proof. By definition of for ui G VK there is an isomorphism 

L{wy' 1 • A) v ^ LfoM* -1 • (-A - 2p)). 

Recall that, given a finite dimensional graded algebra A and an indecom- 
posable non-graded A-module M, there is at most one lift of M as a graded 
M-module, up to isomorphism and shift in the grading (see [Ri, §5.6] and 
references therein). Hence, comparing Proposition 12.3.31 and the definition 

of D g ~, there exists n € Z such that 

M 

D^(£^) £ z 'f Jn). 
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Then we have 

Using Theorem 12 .4. 1\ we deduce 

Then, using isomorphism (|3.1.ip . we obtain 

However, by Proposition 12.3.41 the object 

7 B A-2 P °ForoDf;(^) - (^m jr 

is in degree 0. (Here, For is the functor of (|1.1.7j) .) Hence n = 0, which 
finishes the proof. □ 

Remark 3.1.3. (1) We will not use the first isomorphism (for simple ob- 
jects). We only include it for completeness. 
(2) This proposition, together with Proposition I2.3.4| allows to prove 
the Frobenius property of regular blocks of (Uq)o without refering 
to the general result in [Bej . Moreover, it describes explicitly the 
duals of indecomposable projectives. For example, for A in Co, l\ 
does not depend on A, and is given by io(t^ • v) = t_ WQfl ■ wqvwq. 
Hence for w G W° we obtain an isomorphism 

P( w .\) v P(l (w).(-w \)) = P(-w (w\)). 

In particular, it follows that 

socP(w«A) ^ L(wX). 

This is of course well-known, see e.g. |Jal Proposition 1.8.13]. 

In the rest of this section we deduce from the geometric Proposition 13.1 .21 
algebraic statements about Koszul gradings on regular blocks of (Ug)o. 

3.2. Grading and the natural anti-isomorphism. Let again A G X be 
regular, and let y G Wgg be such that A G y • Co- 

Consider the restriction T> x of the sheaf of algebras T> to the formal neigh- 
borhood of £W x {A} in g^ 1 ) x (.*(!) f)*, which we identify with the formal 
neighborhood of B^ in q^. Consider a decomposition 

(3.2.1) M x = M$ 

iel 

of the vector bundle A4 X into indecomposable subbundles. Then it follows 
from the definitions (see e.g. |BM| ) that the collection {(M^)* <8>ikA(g( 1 )) , i G 
1} (where the objects are endowed with a Koszul differential) coincides with 
the collection of the $p|[,'s. 

As in §1.11 is endowed with an action of G m , where t G k x acts by 
multiplication by t~ 2 along the fibers of the projection g^ 1 ) — > B^\ It is 
explained in [Rrj §6.3] how, starting from a G m -equivariant structure on A4 X 
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(as a sheaf on fl*- 1 **), one can produce a grading on the algebra (Ug) x , and 
an equivalence of categories 

which is a "graded version" of 7^ (see \BA\ Theorem 6.3.4 and Remark 6.3.5]). 
(Here, Mod^' gr ((£/g)o) is the category of finitely generated graded modules 
over the graded algebra (Ug) x .) To choose a G m -equivariant structure on 
A4 X , it is enough to choose a G m -equivariant structure on each of the A4 x, s. 
Such a structure is unique up to an internal shift. (Existence is proved in 
\Ri\ Lemma 6.3.3] or in |BM| . and unicity is obvious.) We choose it in such a 
way that the collection of G m -equivariant objects {(A4 X )* 0^A(q^), i G /} 
coincides with the collection of the ^p^'^'s. We denote by M. X T the resulting 
Gm-equivariant vector bundle. With this choice, by construction the grading 
on (Uq)q is the Koszul grading of Theorem 12.4.31 

Using this one can prove the regular case of point (1) of the main theorem. 
Recall the isomorphism &\ of (|2.3.ip . 

Proposition 3.2.2. Assume p > h is such that Lusztig's conjecture is true. 

The isomorphism <3?a : {Uq) x — > ((Ug) X2p ) op is an isomorphism of 
graded algebras, where both algebras are endowed with the Koszul grading 
given by Theorem \2A.3[ 

Proof. Consider the automorphism 

\ (gB,X,X) ^ (gB, -X, -A - 2p) ' 

As explained in [BMR21 Lemma 3.0.6(a)], the natural isomorphism T> G /u = 
^°G/U (^ ue to triviality of the canonical line bundle on G/U) induces an 

isomorphism of algebras T> op = a*T>. Moreover, taking global sections this 
isomorphism gives the natural isomorphism Uq®$ hc S(1)) = (£/g(g>3 HC S(f))) op . 
In particular, we obtain an isomorphism of algebras on the formal neighbor- 
hood of inflW: 

(3.2.3) V x ^ a*(V^-^ p ) op . 

Now by [BMR2 ; , Lemma 3.0.6(b)], there exists an isomorphism of X^-mo- 
dules 

(3.2.4) M x = a*(M- x - 2p y, 

where the £> A -module structure on the right hand side is induced by iso- 
morphism (|3.2.3j) . It can be easily checked that for any choice of such an 
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isomorphism <f>, the induced isomorphism 

V x ^ Snd(M x ) i a*Snd((M- x - 2p )*) 

coincides with (13.2.3P - 

One can choose the decompositions (|3.2.ip for A and for —A — 2p to be 
compatible with isomorphism (I3,2.4j) . Then by definition and Proposition 
13.1.21 isomorphism (13. 2, 4ft becomes an isomorphism of G m -equivariant vec- 
tor bundles 

(3.2.5) M x r a*(M g x - 2p y{3N). 

The result follows, by construction of the grading on (Uq) x and (Uq) X 2p 
(see pE, §6.3]). □ 

3.3. Grading and duality. Using Proposition I3.2.2| one can define a du- 
ality functor 

(-) v : MbdJ^CMo) ^ Mod f ff 2p ((^0)o) op . 

Let us give a geometric description of this functor. (The proof is an adap- 
tation of that of |BMR2} Proposition 3.0.9].) 

Proposition 3.3.1. Assume p > h is such that Lusztig's conjecture is true. 
Let A E X be regular. Then the following diagram commutes: 

DGCohs r ((gn rxe fi)( 1 )) — -DGCoh^((gn rxB B)( 1 )) 



if 



i 



l-\-2p 



V b Modf ST ((U 5 ) ) V»Mod^ 2p ((Ug) ). 

Proof. First we begin with an easy lemma, whose proof is similar to that of 
[BMR21 Lemma 3.0.1]. 

Lemma 3.3.2. Let M be a finite complex of finite dimensional S(Q)-modules 
(or equivalently quasi- coherent O s * -modules) . Then there exists a functorial 
isomorphism, in the derived category of S(g) -modules 

D g »(M) ^ M*[-d](-2d). 

Now, let 7r : — > Q*^ be the natural morphism. Then, as Grothen- 
dieck-Serre duality commutes with proper direct images, we have an isomor- 
phism 

(3.3.3) i?vr*oD ? ^ D . oRir*(2N). 
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Let F € DGCoh gr ((gn fl * xB S)( 1 )). By definition and Lemma EJ we 
have an isomorphism 

7? (^) V = RT(M x gv «g>o 5(1) i?p*.F)* 

D fl . o Rn m (M* ®o_ Cl) i?P*7j[d](2d). 

Using (|3.3.3p we deduce 

7f(^) v ^ il^oDjf^®^ Rp*T)[d]{2d-2N). 
Now there is a natural isomorphism 

Hence, using isomorphism (|3,2.5p we obtain 

7f (J-) v RT(M g ^ 2p <7*%(i?p*.F)) [d](2d - 5.2V). 

Using finally the isomorphism D| r o Rp* = Rp* o , we obtain 

7f(^) v - Er(M- A - 2 ^ _ (1) E^(D^)){-22V) 

= 7 e A-2 P °D^(^)(-22V). 

One can check that all these isomorphisms are isomorphisms in the derived 
category of (Z^g)o-modules, which concludes the proof. □ 

3.4. Duality and the regular representation. Now we can prove point 
(2) of the regular case of the main Theorem. 

Proposition 3.4.1. Assume p > h is such that Lusztig's conjecture is true. 

Let A € X be regular. There exists an isomorphism of graded (Uq)q- 
modules 

ml = ((W0) O ^ P ) V (22V). 
Proof. This follows from Proposition 13.3-H using the fact that 

mjo = 7f(«)^|A( fl W)), 
and the natural isomorphism 

«)*8kA(gW) = D£((A<- A - 2 '')*®kA(fl«)) 
which follows from Proposition 13 . 1 . 21 (see the proof of Proposition l3.2.2|) , □ 

Remark 3.4.2. (1) It follows in particular from this proposition that the 

maximal degree in the Koszul grading of (1^q)q is 2N. It follows also 
that the Poincare polynomial P\ of this grading satisfies P\{t~ l ) = 
t~ 2N P\(t). (The former fact can also be derived directly from [Rij . 
using the property that the homological dimension of (Ug) x is 2JV.) 
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(2) In fact the algebra (Ug)o is a symmetric algebra, see [Scl IFPj . hence 
the same is true for (Uq)q. In other words, there exists an isomor- 
phism of (Wg)g-bimodules (Uq)q = {(Uq) a ~ 2/9 ) v . One can easily 
check that the isomorphism of Proposition 13.4.11 is an isomorphism 
of graded (Wg)o-bimodules. 

4. KOSZUL DUALITY AND ORDINARY DUALITY: SINGULAR CASE 

In this section we prove analogues of the results of Section [3] for singular 
blocks. Most of the proofs are similar to those for the regular case, hence 
we omit them. 



4.1. Geometry. Recall the constructions of t jl.21 With the data X = pW, 
E=(q* x V)^\ F = N$\ we obtain a duality functor 

D TiP : DGCoh« r ((5 7 ,fi fl . x7 >P)«) ^ DGCoh^((5 P n rxP P)«), 

which is a "graded version" of the functor B2- -p of §2.31 We define 

:= a*B TtV (-3N). 

Then, one easily checks that we have an isomorphism 

(4.1.1) T>&oL(tt v , g J*(2N- 2N p ) * L(9 T , G J* o D^. 

Let us fix a weight \i G X and a standard parabolic P as in Theorem 
l2,2.H fii). Then fi — 2p satisfies the same assumption, for the same parabolic 
subgroup (see Remark I2.2.6j) . There exist a unique y G W a ff such that the 
alcove yCo contains fi in its closure, and contains also a weight A orthogonal 
to all the roots of the Levi of P. Let also z G W^q be defined similarly, for 
— ^ — 2/3 instead of \i. Then we have the following. 

Proposition 4.1.2. For w G W®, there is an isomorphism 
Proof. By Proposition 13.1.21 there is an isomorphism 

Using equation (|2.5.3p . we deduce 

nfoL(% v>Gm )*^% <* L(v v>G J*%l^ w) (N v -N). 

Then, using l|4.1.1j) . we obtain 

%d*oD^(^J = ^ olx(Tow) (N-N P ). 

The result follows, by Lemma 12.5.41 □ 

Remark 4.1.3. (1) One can prove a similar statement for the objects 
of [Ril Theorem 10.2.4]. As we do not need this statement 
(not even for the proof of Proposition 14. 1 . 2"1) . we omit it. 
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(2) Again, this proposition allows to prove the Frobenius property of 
singular blocks of (Ug)o without refering to the general result of [Be| . 
It also gives a description of duals of indecomposable projectives. 

4.2. Grading and the natural anti-isomorphism. As in £ )3.2l we choose 
a G m -equivariant structure on the vector bundle M.^, (as a sheaf on the 

formal neighborhood of in Q^)) which is compatible with the G m - 
equivariant structures on the *}Jp g ^'s. Then we have an equivalence of cate- 
gories 

%: DGCoh^CSrVxBB)^) ^ P 6 Mod^ r ((Wg)o), 

where the grading on the algebra {Uq)q is the Koszul grading provided by 
Theorem [233] (see (EH §10.2]). 

One can make the same constructions for the weight —fx — 2p. Then, one 
can prove the following singular analogue of Proposition 13.2.21 

Proposition 4.2.1. Assume p > h is such that Lusztig's conjecture is true, 
and conditions (|2.5.ip and (|2.5.2h are satisfied. 

The isomorphism : (Uq)q — > ((Ug) ^ 2p ) op is an isomorphism of 
graded algebras, where both algebras are endowed with the Koszul grading 
given by Theorem 12.4.31 

4.3. Grading and duality. Using Proposition 14.2.1] one can define a du- 
ality functor 

(-) v : ModJ^((Wfl) ) ^ Mod^ 2p ((W ) o ) op . 
As in Proposition 13.3. H one can give a geometric description of this functor. 

Proposition 4.3.1. Assume p > h is such that Lusztig's conjecture is true, 
and conditions (|2.5.ip and (|2.5.2I) are satisfied. 
The following diagram commutes: 

D gr 

BGCoW((q p n s * xV V)^) - Z — * DGCoh*^ n B . xv r)W) 

V b Modf^((U d ) ) ^ 2^Mod*£ 2p ((Wg) ). 

4.4. Duality and the regular representation. Finally, one can deduce 
the following. 

Proposition 4.4.1. Assume p > h is such that Lusztig's conjecture is true, 
and conditions (|2.5.ip and (|2.5.2p are satisfied. 

There exists an isomorphism of graded (<Uq)q -modules 

(Ugf - ((W ) O ^) V <2A^>. 
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Remark 4.4.2. (1) It follows in particular from this proposition that the 
maximal degree in the Koszul grading of (Uq)q is 2N-p. It follows also 
that the Poincare polynomial of this grading satisfies = 

(2) One can easily check that the isomorphism of Proposition 14.4. 1~1 is an 
isomorphism of graded (Z//cj)^-bimodules. 

5. Example: SL(2) 

In this section we set G = SL(2), and we assume p > 2. There is a natural 
isomorphism X = Z, such that p = 1. Also, we have B = P . For simplicity, 
we omit Frobenius twists in this section. Such a twist should appear on 
every variety we consider. 

5.1. Regular blocks. In this case the regular blocks are those of the weights 
0, • • • ,2=5. Let us fix A G {0, • • • , ^}. The simple objects in Mod? ((Wg) ) 
are L(X) (of dimension A + 1) and L(p — 2 — A) (of dimension p — 1 — A). It 
is easy to check (see [Rlj Corollary 7.2.6]) that 

£i = O p i(-1), £ ro =e> P i(-2)[l] 

(considered as sheaves on the zero section of J\f) . Hence the Koszul grading 
on (Uq)q is given by the isomorphism 

{Uq)1 Ext^(£f A+1 e £® p - 1 " A , £? A+1 e £® P ~ 1_A ). 

nez 

One can easily check, using the Koszul resolution 
that we have 

Ext/~(eVi, Opi) = k©k[-2], 
Ext^(0 P i(-l), Opi) * V*, 
Ext^(0 P i, Opi(-l)) - V[-2], 

where V is a 2-dimensional k-vector space. Hence we obtain an isomorphism 

(W ) A (Mat A +i(k) k (k k[-2])) (Matp_i_ A (k) k (k k[-2])) 
(V8 k Mat A+liP _ 1 _ A (k)[-l]) © (y* k MaV^A+^kJI-lj). 

The product is given by the matrix multiplication, together with the natural 
paring V[-l] x V*[-l] -»• k[-2]. 

In this case u>o = — 1, hence all the blocks are self-dual. The identification 
of (Uq)q with (the shift of) its dual is given by the natural identification of 
the dual of Mat n)Tn (k) with Mat mjn (k), via the trace. 
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In particular, all regular blocks are of dimension 2p 2 , and they are Morita 
equivalent to the path algebra of the quiver 



u 




u 



with relations 

uv = vu = 0, uu = vv, 
uv = vu = 0, uu = vv. 
The grading is obtained by assigning each edge the degree 1. 

5.2. Singular blocks. The only singular block is that of —1. And the only 
simple object in the category Mod f ? 1 ((Wg)o) is L(jp — 1), of dimension p. 
Moreover, this category is semisimple. Hence we have an isomorphism of 
graded rings 

(Ug)^ 1 Matp(k). 

Again, the identification of (Uq)q 1 with its dual is given by the natural 
identification of Mat p (k) with its dual. 
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